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ABSTRACT

This contribution introduces a so-called generalized Pascal
matrix. Using this matrix, the coefficients of transfer functions
of the continuous-time and discrete-time linear circuits can be
converted on the assumption that both circuits are related by a
general first-order s-z transformation. We explain the effective
numerical procedure of computing all matrix elements for
arbitrary first-order s-z transformation.

1. INTRODUCTION

The so-called s-z transformations are often used for modeling
interconnections between the continuous-time (CT) and discrete-
time (DT) linear dynamical systems [1-5]. The well-known
transformations are [5]:
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In equations (2) and (4), the symbols T / F represent sampling
period / frequency of a discrete-time filter.

In addition to the above s-z transformations, a set of so-called
parametric  transformations have been introduced. Their
properties can be modified by an auxiliary parameter. To change
it, we can pass from one to another known transformation. For
example,

parametric BD-BL transformation [6]
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is controlled by a parameter r. Changing it from 0 to 1, we pass
from the BD to the BL transformation.

Recently, many attempts to formulate algorithms of automatic s-
to-z domain transformation of transfer functions were made [7-
10]. All known s-z transformations can be divided into first-order
and higher-order ones [6], linear and nonlinear [7]. The first-
order transformations ensure that the order of the transformed
filter will be the same as the order of the original filter. All the
transformations mentioned above belong to the class of first-
order linear transformations. It is shown in [5] the general form
of first-order s-z transformation:
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where u, v #w are real constants. Choosing a proper set of
constants leads to all the known transformations such as BL, BD,
FD, and all parametric first-order ones.

This paper has the following structure. In Section 2 we define so-
called generalized Pascal matrix for transformation of filter
coefficients in the case of general first-order s-z transformation
(7). We derive general formulae for all its elements. In Section 3
we then propose an efficient numerical algorithm of matrix
compilation, which works independently of the type of s-z
transformation. Finally we demonstrate this algorithm on the
example of parametric BD-BL transformation (6).

2. GENERALIZED PASCAL MATRIX

Consider a DT linear filter with the transfer function
N N
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where N is the filter order. The sampling frequency will be F and
the sampling period T (see equation 2).
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Consider the CT linear filter with the transfer function
N
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Let us assume that the DT filter has been designed from the CT
prototype using the s-z transformation (7). Then an unambiguous
relation between the s- and z- domain coefficients has to exist,
independently for the numerator (a, ¢,) and the denominator (by,
dy) [5]. For the numerator, this relation is derived in [5] using a
matrix equation

C=MA, (10)

where the coefficients a, of the DT circuit and the coefficients ¢,
of CT circuit are arranged to the vectors
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and auxiliary vector C is defined as follows:
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In (10), M is a so-called (N+1) x (N+1) generalized Pascal
matrix as a generalization of Pascal matrix [3,4] for BL
transformation. Its components are defined by equation (13):
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The boundary matrix elements are in a simple form given by
equation (14). The other elements of the generalized Pascal
matrix are determined by more complex relations, see (13).

It is shown in [5] that the Pascal matrix can be easily compiled
for particular s-z transformations (1), (3), (5) and (6). The
examples for N = 5 are summarized in Table 1. In the trivial
cases of BL, BD and FD transformations, we can derive
algorithm how to compute all matrix elements from the boundary
ones which are defined by equation (14).
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However, for a number of parametric and general first-order s-z
transformations, this algorithm is not known at all. Then the
complex equation (13) represents a sole approach to matrix
element-to element compilation. This can be time-consuming
especially for higher orders of transformed filters.

In the following article we propose an effective numerical
solution. There are two primary motivations for this algorithm: 1.
The computation time, 2. The idea of compiling, by one universal
and simple algorithm, the Pascal matrices for all existing first-
order s-z transformations.

3. ALGORITHM

As results from equation (13), the k-th column of the generalized
Pascal matrix can be described by a convolution in regard to the
subscript k:
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k,i=01...N.

Applying a Discrete Fourier transform (DFT) yields
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where M ; is a vector of DFT coefficients of i-th column of the

generalized Pascal matrix.

Equation (16) gives a rule how to compile (N+1) x (N+1)
generalized Pascal matrix of general first-order s-z transformation
with parameters v and w:

BL BD FD parametric BL-BD
u=a,v=lLw=-1 u=hbv=0w=-1 [u=b,v=1Lw=0 1+r
u=——-,v=r,w=-1
T
o1 1 1 1 1 qm 1 1 1 1 1o/ool1111110(0 1 1 1 1 1 10
a O O o 0|0 ]
[I5 3 1-1-3 —SD%)—l—Z -3 -4 —SD [I5432 10[| 0 5r —-1+4r —-2+3r -3+2r —-4+r —SD
M0 2-2-2 2 100o® 0 1 3 6 1000 A0631000|0@0r% —-4r+6r> 1-6r+3r2 3-6r+r® 6-4r 100
Ho-2-2 2 2 —10% D 0 0-1-4-100 20410003 | Hor® —6r+4r® 3r—6r2 +r° —1+6r-3r2 —4+6r ~103
05 -3 1 1-3 50 o o o 1 50 Os5100000(05r% —4r®+r* 3r2-2rt -2r+3r? 1-4r 50
g Oog O o . . s ) 0
§l1-1 1-1 1 -1§® 0 0 0 0 -15 H100000F|[H r -r r -r r-19

Table 1. An example of generalized Pascal matrices for N =5 [5].
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2. We compile vectors a; and b; of a size 1 x (N+1) according

to the rule
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3. We complete both vectors by as much zeros as needed to
reach their length to integer power of two. New vectors

a,and b, are obtained.

4.  We perform Fast Fourier Transform (FFT) of vectors
a,and b:

A =FFT{a}, B =FF{b}.
5. We multiply vectors A and B, element per element and
perform inverse FFT:
M, = IFFT{AB]}
6.  First N+1 elements of M, give the i-th column of the
generalized Pascal matrix.

7. i=i+1;if i<=N then we go to the step 2 else end.

4. EXAMPLE

Let us verify proposed algorithm for parametric BL-BD
transformation with the parameter r = 0.5 and N = 5. According
to the Table 1, v=0.5, w=-1.

Following computation has been performed using MATLAB.
1. i=0;

2. 25 25 125

[1 0.3125
[L1 00O 0 0]

0.03125],

b.
3. a =[1 25 25 125 03125 0.03125 0 0],
b,=[1 000000 0]

4. A =[7.59375 1.54929-5.12955i

-1.1875-1.28125i -0.17429-0.12955i 0.03125
-0.17429+0.12955i -1.1875+1.28125i
1.54929+5.12955i]

B=[11111111]

5. A B,=[7.59375 1.54929-5.12955i

-1.1875-1.28125i -0.17429-0.12955i 0.03125
-0.17429+0.12955i -1.1875+1.28125i
1.54929+5.12955i]

M, =IFFT{AB} =[1 25 25 125 03125
0.03125 0 0]

6. Mq=[1 25 25 1.25 0.3125 0.03125],i=0.

Setting r = 0.5 to the first column of Pascal matrix in the Table 1
leads to the verification of our result.

Alternatively, we can repeat our algorithm for i = 1,2,3,4, and 5
and compute the reminder matrix columns.

5. SUMMARY

The proposed algorithm generates all elements of generalized
Pascal matrix of arbitrary first-order s-z transformation (7). The
described approach is based on the well-known FFT algorithm,
which ensures the computation efficiency. This algorithm is
applied N+1 times, where N is the order of continuous-or
discrete-time filter whose coefficients are transformed. The
structure of this procedure is not dependent on the type of s-z
transformation. The required input data are N and the parameters
v and w of a given s-z transformation.
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